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We consider the periodic solitons of an equation for short capillary-gravity waves. Although
their proﬁles cannot be given a description in terms of a mathematical expression in closed
form, we show that they are transformed by a natural change of variables to the well-
known cnoidal periodic solitons of the KdV equation.
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1. Introduction
The equation
−utxx = −2ωux + 2uxuxx + uuxxx, x ∈R, t > 0, (1.1)
where ω is a physical parameter is a model for short capillary waves propagating under the action of gravity [5]. For ω = 0,
(1.1) reduces to the Hunter–Saxton equation [9] and the corresponding equation for uxx is a member of the Harry–Dym
hierarchy (cf. [10]). However, the Hunter–Saxton equation admits no traveling wave solutions, since if the initial data is not
monotonically increasing, the slope of the solution becomes inﬁnite in ﬁnite time (see [4,8]), whereas Eq. (1.1) exhibits both
smooth as well as cusped traveling waves whenever ω = 0. The cusped soliton solutions of (1.1) were investigated in the
context of algebraic and complex geometry in [1]. Eq. (1.1) is an integrable equation with the Lax pair formulation
⎧⎨
⎩
ψxx = λwψ,
ψt =
(
1
2λ
− u
)
ψx + 1
2
uxψ,
(1.2)
where w = −uxx + ω and λ is the spectral parameter. Recent papers that deal with other aspects of capillary-gravity waves
include [3,6,11].
In the case of ω > 0 there is a three-parameter family of periodic smooth solitons of (1.1). Indeed, integration of (1.1)
when u(t, x) = ϕ(x− ct) is a traveling wave of speed c leads to
ϕ2x (c − ϕ) = 2ω(M − ϕ)(ϕ −m), (1.3)
with a smooth periodic solution of maximum M and minimum m whenever m < M < c. In this short note we point out that
although these periodic solitons allow no simple mathematical description (integration of (1.3) leads only to an expression
for the inverse x(ϕ) in terms of an incomplete elliptic integral), a natural change of variables transforms them to the cnoidal
periodic solitons of the KdV equation. More precisely, we show the following result.
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J. Lenells / J. Math. Anal. Appl. 352 (2009) 964–966 965Theorem. Suppose ω > 0 and m < M < c. Let u(x, t) = ϕ(x − ct) be the (uniquely determined up to translation) periodic soliton
of (1.1) of speed c, maximum M, and minimumm. Deﬁne
Q (y) = 1
2
(
1
c − M +
1
c −m
)
− 1
c − ϕ(x) , y =
x∫
0
√
ω(c − M)(c −m)
c − ϕ(ξ) dξ. (1.4)
Then u¯(t, y) = Q (y − c¯t) is the cnoidal periodic soliton (uniquely determined up to translation) of the KdV equation
u¯t − 6u¯u¯x + u¯xxx = 0, x ∈R, t > 0, (1.5)
of speed c¯, maximum M¯, and minimum m¯, where
c¯ = − 1
c −m −
1
c − M , M¯ =
1
2
(
1
c − M −
1
c −m
)
, m¯ = 1
2
(
− 1
c − M +
1
c −m
)
.
2. Motivation
The motivation for the change of variables (1.4) lies in the inverse spectral theory of the x-part of (1.2). One way to
approach this spectral problem when w = −uxx + ω > 0 is by means of the Liouville transformation (see e.g. [2])
y =
x∫
0
√
w(ξ)dξ, φ(y) = w(x)1/4ψ(x), Q (y) = − (w(x)
−1/4)xx
w(x)3/4
, (2.6)
which converts ψxx = λwψ into the Hill’s equation
−φyy + Q (y)φ = μφ, (2.7)
with μ = −λ. If w > 0 the spectrum of (1.2) consists of a simple periodic ground state λ0 followed by alternately anti-
periodic and periodic pairs (see [12])
· · · < λ4  λ3 < λ2  λ1 < λ0
of simple or double eigenvalues accumulating at −∞. One expects a soliton solution w = −uxx + ω of (1.1) to correspond
to a spectrum with only the ﬁrst gap open (the three parameters M,m, c accounting for the three degrees of freedom in
λ0, λ1, λ2). Since the Liouville transformation preserves the structure of the spectrum, the transformed potential Q in (2.7)
then also has a spectrum with one open gap. But (2.7) is the isospectral problem for the KdV equation, and thus a poten-
tial Q with this spectrum must have the proﬁle of a periodic KdV soliton [7]. Therefore, if ϕ(x− ct) is a periodic soliton of
(1.1), we expect u¯(t, y) = Q (y − c¯t) with Q deﬁned by (2.6) to be a soliton of the KdV equation (1.5) traveling with some
speed c¯ to be determined.
The transformation (2.6) is only well deﬁned when w = −uxx + ω is strictly positive, but from (1.3) it follows that
w = −ϕxx + ω = ω(c − M)(c −m)
(c − ϕ)2 , (2.8)
establishing that this requirement is fulﬁlled for the solitonic solutions. Moreover, substituting this expression for w into
the deﬁnition of Q and using (1.3) to simplify, one can show that
Q = 1
2
(
1
c − M +
1
c −m
)
− 1
c − ϕ . (2.9)
Eqs. (2.8) and (2.9) show that for the periodic solitons the transformation ϕ(x) → Q (y) deﬁned by (2.6) takes the form
stated in (1.4).
3. Proof
Let ϕ(x− ct) be a periodic soliton of (1.1) with maximum M and minimum m. Let Q (y) and c¯, M¯,m¯ ∈R be given as in
the theorem. We have to show that u¯(t, y) = Q (y − c¯t) solves the KdV equation (1.5) and that
max
y∈R
Q (y) = M¯, min
y∈R Q (y) = m¯. (3.10)
Employing (1.3) and (2.8), we calculate
1
Q 2y =
1
(
− 1 + 1
)(
1 − 1
)
. (3.11)2 c − ϕ c −m c − ϕ c − M c − ϕ
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Integration of (1.5) reveals that a function f (y − c f t) is a KdV soliton with maximum M f , minimum m f , and speed c f if
and only if f satisﬁes the differential equation
1
2
f 2y =
(
− c f
2
− M f −m f − f
)
(M f − f )( f −m f ).
In view of (2.9) and (3.11), it follows that Q (y − c¯t) indeed is a soliton of the KdV equation with maximum and minimum
satisfying (3.10). This proves that the Liouville transformation ϕ(x) → Q (y) converts the solitons of (1.1) into solitons of the
KdV equation (1.5) and completes the proof of the theorem.
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